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Measurements were made o f  delay times in sp in-up  from r e s t  of
a viscous f l u id  with a f r e e  su r face  in  impulsively  s t a r t e d  r o t a t in g
c y l i n d r i c a l  con ta ine rs  ( r a d i i  4.73 and 7*36 cm) using angular
v e l o c i t i e s  from 0.0375 to  2.77 r a d / s e c .  The delay time t  (defined
as the time from the  impulsive s t a r t  o f  r o t a t io n  o f  the c o n ta ine r
to the  f i r s t  response o f  the  f l u i d  a d is tance  D from the con ta ine r
wall)  was measured as a funct ion  of  cy l in d e r  rad ius  a, con ta ine r
angular  speed £1, f l u i d  depth h (2 .5  -  14.5 cm), f l u i d  v i s c o s i ty
V (0.0090 -  O.53 s to k e s ) ,  d e te c to r  depth z (0 -  14 cm), and
d e te c to r  rad ius  r (1 .0  -  6 .85  cm). Each d e te c to r  cons is ted  o f  a
p a i r  of  f l a t  s t a i n l e s s  s t e e l  p l a t e s  mounted v e r t i c a l l y  a t  the  ends
o f  a h o r iz o n ta l  s t a i n l e s s  s t e e l  rod; the  d e te c to r  was suspended a t
the  midpoint o f  the  rod by a quartz  to rs io n  f i b e r .  The angular
p o s i t io n  of  the  d e te c to r  was read o u t  by an o p t i c a l  lever  from a
mirror  on the d e t e c t o r .  The r e s u l t s ,  fo r  Reynolds numbers
(Re = a fl/y) between 4 and 15,000 and r o t a t i o n a l  Froude numbers
l e s s  than 0 . 2, do not  agree with viscous d i f fu s io n  theory,  which
2 'p r e d ic t s  delay times «  D /y ,  nor i s  th e re  agreement with the 
convection theory o f  Wedemeyer, which p re d ic t s  
r / a  = exp [ -0 .443  t  ( t ^ l ) ^ 2/ h ] .  The da ta  have been c o r r e l a t e d  
by an empir ica l  power-law r e l a t i o n
fo r  100 < Re < 15,000 , t  -  0.1068 D1 ;
fo r  4  < Re < 100 , t  -  0.027 D2/ y  + 0.0457 aD1/ 2 (y3n)“ 1/if . 
Comparison of Pe l lam 's  delay time measurements in  l iq u id  helium
vi
v i i
a t  2.0°K with the  power-law r e l a t i o n  fo r  Re > 100 in d ic a te s  t h a t  
the spin-up mechanism in l iq u id  helium II i s  not  the  same as in 
c l a s s i c a l  f l u i d s ,  and t h a t  spin-up o f  the  normal f l u i d  component i s  
suppressed.
The delay time r e s u l t s  fo r  100 < Re < 15,000 have a lso  been
c o r r e l a t e d  by a combination of  d i f f u s io n  theory and convection theo ry .  
1 /2For D(Re) /h > 11.7, the da ta  can be represented  by
r / a  + 3 .8  ( i / t ) 1/2/ a  = exp [ - 0 .78  (Cfc/) 1/ 2 t / h ] .
This exp ress ion  did  not  c o r r e l a t e  the d a ta  as su c c e s s fu l ly  as the  
em pir ica l  power-law express ion .
Measurements o f  delay times and s t e a d y - s t a t e  layer  th icknesses  
in the  viscous boundary layer  on the r o t a t i n g  bottom o f  the cy l ind e r  
showed f a i r  agreement with Benton's  theory  fo r  the flow over an 
impuls ive ly  s t a r t e d  r o t a t in g  i n f i n i t e  plane*
I .  INTRODUCTION
When a c y l i n d r i c a l  co n ta in e r  f i l l e d  with an incompressible  f l u id
of  kinematic  v i s c o s i ty  v  i s  suddenly s t a r t e d  r o t a t i n g  about i t s  a x is ,
there  i s  a time i n t e r v a l  (which we s h a l l  c a l l  the  delay time) before
the f l u i d  away from the wall  begins to  respond to  the  motion of  the
boundaries .  I t  was long bel ieved  t h a t  viscous d i f f u s io n  was the
mechanism by which momentum was t r a n s f e r r e d  to  the  f l u i d  in problems
1 2of  t h i s  type,  but  recen t  work * has shown the dominant ro le  played 
by a secondary flow driven by the r a d ia l  t r a n s p o r t  in  the  boundary 
laye rs  formed on the  ends of  the  c o n ta in e r .
There a re  severa l  so lu t io n s  o f  the  Navier-Stokes equat ions for  
impuls ive ly  s t a r t e d  boundaries fo r  which the  dominant mechanism is  ̂
viscous d i f f u s i o n .  The s im p le s t  o f  these  i s  the  i n f i n i t e  plane wal l ,  
impuls ive ly  s t a r t e d  a t  co ns tan t  v e lo c i ty  p a r a l l e l  to  i t s e l f .  This 
has f req u e n t ly  been c a l le d  the  "Rayleigh problem^1, but as Sch l ich t ing  
has po in ted  ou t ,  i t  was f i r s t  solved by Stokes.** The f l u i d  v e lo c i ty
5
v p a r a l l e l  to  the wall  i s  given by
v = U e r f c [ i y / ( y t ) 2] , (1)
where U i s  the wall  v e lo c i ty ,  y i s  the  d i s tan c e  from the w a l l ,  and 
e r f c  i s  the  complementary e r r o r  fu n c t io n .  In p r i n c i p l e ,  fo r  t  > 0 
the f l u i d  i s  moving everywhere, so the  delay time i s  zero ,  but  i f
2
we solve  fo r  the time requ i red  for  the f l u i d  to  reach , say, one 
percen t  o f  the wall  v e lo c i ty ,  we ob ta in
t  » y2/13.27i> . (2)
I f  the  f l u id  i s  a l s o  bounded by a f ixed  plane ,  p a r a l l e l  to the 
impuls ive ly  s t a r t e d  plane a t  a d is tan ce  a,  then the so lu t io n  i s ^
J^ S l  "  1 " i  -  *  =  n exp<- • (3)U a n=1 n a a
For the  f l u i d  in s id e  an i n f i n i t e l y  long cy l inder  of  rad ius  a
impulsively  s t a r t e d  r o t a t i n g  about i t s  ax is  with angular  speed Cl,
7the s o lu t io n  is
w J , ( r j  / a )  y t j  ^
where r i s  the r a d i a l  d i s ta n c e  from the ax is  o f  the c y l in d e r ,  J o
and J .  a re  Bessel funct ions  o f  the  f i r s t  kind, and j i s  the  nth 
a n
zero o f  J j .  F ig ,  1 shows, fo r  these th ree  so lu t io n s ,  the
2 2dimensionless delay time t y / a  versus (y /a)  fo r  v/U = 0.01, where
y = a -  r and U *» afl fo r  the c y l in d e r .  Although the delay time for
the cy l in d e r  i s  s i g n i f i c a n t l y  less  than fo r  the  s in g le  plane
( 1̂ % a t  y /a  = 0 . 8) ,  a l l  th ree  so lu t io n s  show the same general  f e a tu r e ,  
2 ,i . e . ,  t  «  y / y .
The case of  a cy l in d e r  o f  length h with c losed  ends has been
t r e a t e d  by Wedemeyer,^ and the r e s u l t s  a re  s t r i k i n g l y  d i f f e r e n t  from
2
the above. Assuming high Reynolds number Re(» a f l / y ) , he divided 
the flow in to  two reg ions :  a th in  boundary layer  near  each end
t
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±
(of th ickness r j(^/0 ) 2) ,  which forms in a time «  2/n ,  and a Mcore 
flow" region,  in which the r a d ia l  and ax ia l  components o f  ve lo c i ty  
are much less  than the tan g e n t ia l  component. The equat ions of  motion 
for  the core flow are  coupled to those of the boundary layer  flow, 
and the so lu t ion  fo r  the t an g e n t ia l  component o f  the  core  flow was 
found to  be
V = (Re2a t -R"1) ( e 2a t - l ) “ I for  R *  e ' 0*
(5)
V = 0 fo r  R s  e _at
where V = v/sO, R = r / a  , and a  = 0.886(&O)2/h  .
The delay time in t h i s  case i s
t  ■ 1.128 h (iXl) ^  In ( a / r ) . (6)
Eq* (5) s a t i s f i e s  the  complete equat ion for  the  core flow ( including  
viscous terms) everywhere except a t  R = exp(-a t )»  where the v e lo c i ty  
g rad ien t  i s  d iscontinuous .  As Wedemeyer po in ts  out ,  the e f f e c t  of
'o
v i s c o s i ty  w i l l  be to  smoothe out  t h i s  d i s c o n t in u i ty .  A recen t  study 
by Goller  and Ranov has extended Wedemeyer's convection model to  
include the secondary flow produced by the deformation of  the f ree  
surface  o f  the l iq u id ,  which, they concluded, tends to slow down the
spin-up process .  Their  t h e o r e t i c a l  r e s u l t s  were v e r i f i e d  (for
5 2 2Re ~  10 and Froude numbers = a fi /gh ~  1) by experimental  s tu d ie s
of the f r ee  surface  p r o f i l e  during spin-up,  fi*om which the v e lo c i ty
d i s t r ib u t io n  was deduced.
There i s  a cons iderab le  body o f  recen t  work 11 on the
4
"spin-up"  problem, in which a f l u i d - f i l l e d  con ta ine r  i n i t i a l l y  in 
sol id-body r o t a t io n  i s  su b je c t  to  a change in  angular speed small 
compared to  the i n i t i a l  speed. The time fo r  spin-up i s  given as
t  a h / ( i /0 ) 2, (7)
which i s  s im i la r  in  form to Eq. (6) above. This s i m i l a r i t y  i s  not
a c c id e n ta l ,  because the primary mechanism in both spin-up from r e s t
and sp in-up  from one angular speed to  another i s  the convective
12c i r c u l a t i o n  produced by viscous boundary l a y e r s .
13McLeod s tud ied  spin-up from r e s t  o f  water  in open-topped 
cy l in de rs  by timing the movement of  lycopodium powder sp r in k led  on 
the  s u r f a c e .  This gave a measure o f  the su r fa ce  v e l o c i t i e s  from the 
s t a r t  o f  cy l in d e r  r o t a t io n  to  the  f i n a l  s t a t e  o f  sol id-body r o t a t i o n .  
He used th ree  c y l in d e r s ,  of  d i f f e r e n t  lengths and d iameters ,  and 
con ta ine r  speeds o f  0.139, 1.05, and 3.77 r a d / s e c .  He compared h is  
r e s u l t s  with  the i n f i n i t e  cy l in d e r  d i f fu s io n  theory  [Eq. (4 ) j  and 
found s u r p r i s in g ly  good agreement for  small c y l in d e r s  and low speeds, 
but o therwise  the  observed spin-up times were much s h o r te r  than 
d i f fu s io n  theory p re d ic te d .  McLeod a t t r i b u t e d  these d isc repanc ies  
to  bottom e f f e c t s .  ( I t  should be pointed out  t h a t  the f l u id  depth
was not  cons tan t  in  these  exper iments) .
14Pellam has measured the delay time between the s t a r t  of
r o t a t io n  o f  a Helium II -  f i l l e d  cy l in d e r  and the response o f  a
Rayleigh d i sk  suspended from a to r s io n  f i b e r .  This work a lso  includes
15 16the c o n t ro v e r s i a l  * ■ and as y e t  unexplained "Pellam anomaly", i . e .  
the  p e c u l ia r  temperature  dependence o f  the s t e a d y - s t a t e  d isk
5
d e f l e c t io n ,  r ec en t ly  reconfirmed by P e l l a m . ^  The delay time was
14observed to  vary l i n e a r l y  with d is tance  from the wal l ,  to  be 
r e l a t i v e l y  independent of  temperature, and probably to  be independent 
of  f l u i d  d e p t h . V a n  A t t a ^  has pointed ou t  the s i m i l a r i t i e s  between 
Pel lam 's  v e lo c i ty  measurements ( a t  2°K) and those of  McLeod.
The presen t  work repor ts  delay time measurements in open~topped 
cy l in de rs  using angular v e lo c i t i e s  from 0.0375 to  2.77 rad / s ec ,  and 
v i s c o s i t i e s  from 1 — 53 c e n t ! s to k e s .  The r e s u l t s  in d ic a te  th a t  fo r  
Reynolds numbers in  the range 4 -  15,000 and r o t a t io n a l  Froude 
numbers (a^Q^/gh) l e s s  than 0 . 2 , n e i th e r  the  d i f fu s io n  theory nor 
the convection theory (Wedemeyer) can f u l l y  descr ibe  delay times 
involved in the  sp in-up  process ,  but t h a t  an empir ica l  power law 
[Eq. (9) below] su c c e ss fu l ly  c o r r e l a t e s  the r e s u l t s  fo r  Re > 100.
I I .  EXPERIMENTAL SETUP
The experimental  arrangement i s  shown in F ig .  2.  Measurements 
were made in two d i f f e r e n t  open-topped c y l in d e r s ,  one of  rad ius  
7 .36 cm and length 15>25 cm, and the o th e r  of rad ius  4,73 cm and 
length 14.5 cm. The tu r n ta b le  was b e l t -d r iv e n  by a 1/40 hp. 
synchronous induct ion motor through a Graham model 5W60 v a r i a b le -  
speed t ransmiss ion  and gear s e t  which gave speeds from 0.0375 to 
2 .77 r a d / s e c .  The tu r n ta b le  a c c e le ra te d  from r e s t  to  i t s  f i n a l  
angular  speed in a time o f  about 0 .2  sec .  To mainta in  a more uniform 
temperature during runs and to  prevent  a i r  c u r r e n t s  from d i s tu rb in g  
the  d e te c to r ,  the apparatus (except  fo r  motor and t ransmiss ion)  was 
enclosed in  a wooden box (75 X 75 X 125 cm) with a P lex ig la s  f r o n t .  
Zero d r i f t  due to  a i r  c u r re n t s  was f u r th e r  reduced by i n s t a l l i n g  a 
P le x ig la s  s h ie ld  around the  d e te c to r  sh a f t  with a s l i t  fo r  the  l ig h t  
beam. To reduce evaporat ion  o f  the  l iqu ids  used and the r e s u l t i n g  
convection c u r r e n t s ,  a P le x ig la s  cover was put over the  c y l in d e r ;  
however, the  cy l inder  was never f i l l e d  to  the top, so t h i s  cover did 
not  c o n t r ib u te  to  the spin-up r a t e  o f  the f l u i d ,  Several runs were 
made without  the cover to  determine i f  there  was any e f f e c t  due to 
wind s t r e s s  on the  su r face  o f  the  l iq u i d s .  No e f f e c t  on the  delay 
time was observed.
16The d e te c to r  was s im i la r  to  C r a ig ' s ,  and c o n s is ted  o f  
a p a i r  of  f l a t  s t a i n l e s s  s t e e l  p l a t e s  mounted v e r t i c a l l y  a t  the  ends 
o f  a h o r iz o n ta l  s t a i n l e s s  s t e e l  rod 0.74 mm in d iam ete r .  The midpoint 































support rod (diameter 0 .3  cm and length 30 cm), which was suspended 
from a quartz  to r s io n  f i b e r .  A mirror  was a t tached  near the top of 
the  ro d .
The angular  d e f l e c t i o n  o f  the  d e te c to r  was followed by an
o p t i c a l  t rack ing  mechanism, which recorded the ins tantaneous  p os i t io n
o f  the d e te c to r  on a s t r i p - c h a r t  r e c o rd e r .  The o p t i c a l  t ransducer
from a Texas Instruments p ressure  gauge was used to  d r ive  a
n u l l - s ee k in g  servo mechanism. This o p t i c a l  t ransducer  c o n s i s t s  of  a
l i g h t  source and m ir ro r ,  condensing and o b je c t iv e  lens ,  and a p a i r
of  pho to ce l l s  mounted s id e - b y - s id e .  The l i g h t  beam i s  r e f l e c t e d
from the d e te c to r  mirror  onto the  p h o to c e l l s .  The d i f fe re n c e  vol tage
from the pho toce l l s  goes to  a servo a m p l i f i e r ,  where i t  i s  chopped
and am pl i f ied .  The s ig n a l  i s  then s e n t  to  the  servo motor, which
dr ives  the  r o t a t in g  t r a c k  (on which the o p t i c a l  t ransducer  i s  mounted)
so as to  keep the pho toce l l s  centered  on the r e f l e c t e d  l i g h t  beam.
Thus, the r o t a t i n g  t r a c k  follows the movements of  the  de tec to r  support
rod.  Coupled to  the  reduc t ion  gears i s  a 10-turn ,  20,000-ohm
p oten t iom ete r .  A 1 ^ -vo l t  b a t t e r y  was connected across  the
poten t iometer ,  which then provided an ou tpu t  vol tage p ropor t iona l  to
the angular d e f l e c t io n  of  the d e te c to r .  This vol tage was fed i n to  a
Moseley Model 7101 B s t r i p - c h a r t  rec o rd e r .  The response time o f  the
track ing  mechanism was found to  be of  the  o rder  of  0 .05  sec, and the
-A
s e n s i t i v i t y  was 8 X 10 rad d e f l e c t i o n .
The d e te c to r s  used had r a d i i ,  r ,  from 1.0 to  £ .85 cm. The f l a t
p la t e s  were e i t h e r  k  X 7 .5  X 0,127 mm or  k  X 15 X 0,127 mm with the
la rge  dimension v e r t i c a l .  One disadvantage o f  the f l a t  p la te
8
d e te c to r  i s  th a t  as the  f l u id  sp ins  up, separa t ion  may occur a t  the 
edges of the  d e te c to r ,  and the subsequent genera t ion  o f  v o r t i c i t y  may 
se r io u s ly  d i s t u r b  the  main f low. Therefore ,  we have l im i ted  our 
a t t e n t io n  to  delay time measurements in  which only the i n i t i a l  
response o f  the d e te c to r  i s  observed, so th a t  the  in f luence  of the 
d e te c to r  on the flow may be s a fe ly  d is regarded .  A second disadvantage 
i s  th a t  i f  the v e lo c i ty  f r o n t  i s  not  very sharp,  then the observed 
delay time may depend on d e te c to r  geometry or on y ,  the s t i f f n e s s  
o f  the t o r s io n  f i b e r .  F ig .  3 shows th a t  doubling b, the v e r t i c a l  
s i z e  of  the  d e te c to r  p l a t e s ,  decreased the delay times s l i g h t l y  
(about 6% a t  the lowest speeds, and about 1% a t  the  h i g h e s t ) ;  the 
use of small spheres ( rad ius  6 mm) in s tea d  of  p la t e s  gave s l i g h t l y  
longer delay t imes.  F ig .  h shows t h a t  the dependence on y  ( the  
r e s to r in g  torque  per rad d e f l e c t io n )  i s  o f  the  form
t Q = t  + Ay2 , (8)
where t  i s  the  observed delay time. For a given f l u id  v e lo c i ty ,
the  angular d e f l e c t io n  o f  the d e te c to r  i s  p ropor t iona l  to  b/y, so we
assumed t h a t  the c o e f f i c i e n t  A in Eq. (8) i s  p ropor t iona l  to  b"*z .
Furthermore, i t  was found t h a t  A «  ( l A l ) " 2, and s ince  the delay times
3  -A-were subsequently  found to  vary approximately as ( i / t l )  , the 
following equat ion  was used to  c o r r e c t  the observed delay times for  
d e te c to r  s e n s i t i v i t y :
t fl ■ t  t  8.1 X 10’4 t 2 (y /b )^ .  (cgs un i ts )
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Eq. (8) to  the da ta  in F ig .  3 reduces the  discrepancy between the times 
taken with the two d i f f e r e n t  f l a t  p l a t e  d e te c to r s  to  about 1%. All 
the da ta  reported  below were taken with a to r s io n  con s tan t  y  o f  2 .4  
dyne-cm/rad and a d e te c to r  p la t e  length b of  7*5 mmf except as noted. 
The d i f f e r e n c e  between t  and t  ranged from 1% fo r  the  h igher  speeds 
and v i s c o s i t i e s  to  24% fo r  the  lowest speed in w a te r .  For most of 
the  da ta ,  the  d i f f e r e n c e  was l e s s  than 12%.
111.  EXPERIMENTAL RESULTS
A. Delay Times in I n t e r i o r  Flow
The delay time was measured as a func t ion  of  £1, the angular
speed o f  the c y l in d e r ;  D, the  d is tance  of  the n e a re s t  d e te c to r
edge from the cy l in d e r  w a l l ;  v t the kinematic v i s c o s i ty ;  h, the
f l u i d  depth;  a, the  c y l in d e r  rad iu s ;  and z ,  the  d i s tan c e  of the
lower edge o f  the de te c to r  from the bottom o f  the c y l in d e r .
Fig .  5 shows delay time versus z .  At h igher  speeds
(£1 = 2.77 rad /sec )  the delay times a re  independent o f  z as long
as the d e te c to r  i s  out  of the bottom boundary l a y e r .  A s t r i k i n g
photograph, showing the same r e s u l t ,  i s  contained in Greenspan's 
20r ecen t  book. At lower speeds and near the  c y l in d e r  wall  
(Cl = 0.267 r a d / s e c ,  D « 1.05 cm) the  t r a n s i t i o n  from the bottom 
layer  to  the i n t e r i o r  flow i s  not  so abrup t ;  the de lay times are 
independent o f  z only in the  upper p a r t  of  the  f l u i d .  However, 
a t  g r e a t e r  d i s tan c es  from the s ide  wall  (not  shown) the  
z-independent  region extends from the f r e e  su rface  to  the edge of  
the boundary layer  on the bottom even a t  the  lower speeds .  The 
remaining r e s u l t s  in t h i s  s e c t io n  involve delay times only in the 
z-independent  reg ion .
High Reynolds  Number (a^Cl/y >  100)
The delay times were found in  a l l  cases to  decrease  with
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various de te c to r s  in water .  The data  are  c o n s i s t e n t  with a family
o f  s t r a i g h t  l in e s  through the o r ig in  ( the  s o l i d  l in e s  shown are
Eq* [ 9 l  below), with the s lopes  inc reas ing  with in c reas ing  d is tance
“ 1/4from the  cy l inder  w a l l .  This observed v a r i a t i o n  ( t  “  Cl ) i s  weaker
“ 1/2than t h a t  p red ic ted  by the convection model ( t  «  fl ) but. s t ronger
than p red ic ted  by d i f fu s io n  ( t  independent of  Cl).
Figures 7 and 8 show the dependence o f  delay time on D, the
d is tan ce  from the s id e  wall o f  the  c y l in d e r ,  and on h, the  f l u id
1 4depth.  The times were observed to be p ropor t iona l  to  D * and to 
1/2h , and the r e s u l t s  in F ig s .  7 and 8 are  c o n s i s t e n t  with the s o l i d
l in e s  represen t ing  Eq. (9 ) .  Measurements made in two cy l inders  of
equal  length  but unequal r a d i i  (a “ 7*36 cm and a = 4 .73 cm) showed
t h a t  delay times decreased with in c reas ing  rad ius ,  more s p e c i f i c a l l y  
-0  4t  «  a . The dependence o f  t  on v i s c o s i ty  was determined by using
a s i l i c o n e  f l u id  (v  =* 0.53 s toke  a t  24.5°C), e thy lene  glycol
(y = 0.167 stoke a t  2 4 .°C), water  (v  = .0095 stoke a t  24°C) and
w ate r -e thy lene  g lycol  mixtures ;  the observed dependence was 
“ 3/4t  a  y . This i s  a s t ronger  dependence than p red ic ted  by convection
_1/2  . j
( t  ce v  ) but weaker than p red ic ted  by d i f fu s io n  ( t  <= v  ) •
All o f  the above r e l a t i o n s  were combined to produce the 
dimensionless p lo t  shown in F ig .  9 (which a lso  shows delay times
g
taken from Goller  and Ranov's v e lo c i ty  p r o f i l e  c u rv e s ) .  The r e s u l t  
i s  an empir ica l  r e l a t i o n  given by
t  = 0.1068 0 1,ifa"0 * \ 1/2 ( i A i r 1/4 . (9)
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square roo t  o f  the aspec t  r a t i o  (h /2a) o f  the  c y l i n d r i c a l  f l u i d  
reg ion .
2Low Reynolds Number (a  Cl/u > 100)
The dependence of  delay time on Cl for  in te rm ed ia te  and low
Reynolds numbers i s  shown in F ig .  10. For Re <  100, corresponding in
- 1/A 1/A - 1/A 1/AFig .  10 to  0  > 1.33 sec in  e thy lene  g lyco l  and Cl > 1.0 sec
in s i l i c o n e  o i l ,  the da ta  s t i l l  show a l in e a r  r e l a t i o n ,  but a non-zero
i n t e r c e p t  appears .  The dashed l in e  in F ig .  10 i s  Eq. (10) (see  below)
and the  s o l i d  l i n e  i s  Eq. (9 ) .  For Re < 100, the  times were
independent o f  f l u i d  depth and increased  with inc reas ing  cy l in d e r
rad ius  ( in  c o n t r a s t  to  Eq. 9 ) .  The da ta  fo r  Re < 100 are  p lo t t e d  in
. o / o  1 /tx
dimensionless  form in F ig .  11. For values o f  aD (v/Cl) < 3 .0 ,  
a l i n e a r  r e l a t i o n  o f  the  form
t  =» 0.027 VZ/V  + 0.0A57 a D ^ t z A l ) : " 1^  (10)
i s  c o n s i s t e n t  with the  d a ta .  The da ta  fo r  aD ^ ^ ( W E l ) ^ ^  > 3.0 
were ob ta ined  by varying only D and Cl, so the  c o r r e l a t i o n  may not 
apply in t h i s  reg ion .
As a q u a l i t a t i v e  check on the r e l a t i v e  importance o f  convective 
and d i f f u s i v e  processes in spin-up from r e s t ,  measurements were made 
in a r o t a t i n g  cy l in d e r  (a « 7*36 cm) with a no n - ro ta t in g  r i g id  
bottom. This f a l s e  bottom was a P le x ig la s  d isk  of  rad ius  7.26 cm and 
th ickness  0.3  cm,^which was held  0.15 cm above the cy l in d e r  bottom 
by a v e r t i c a l  brass  rod s l i g h t l y  o f f - a x i s  ( t o  a v o id ‘i n te r f e r e n c e  with 
the d e te c to r  s h a f t ) .  Delay times with and without  t h i s  f a l s a  bottom 
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the  delay times in water with and without  the f a l s e  bottom a re  about
the same; while  a t  the h ig h es t  speeds (0 ■ 2.77 rad / s ec ,
Re = 1.58 x It/*) the delay times with the  n o n - ro ta t ing  bottom are
about twice as long as those  with the r o t a t in g  bottom, in d ic a t in g
the importance o f  convective e f f e c t s  a t  these  Reynolds numbers. The
-1 /hf a l s e  bottom d a ta ,  while s t i l l  l in e a r  in  Cl , a l s o  show a non-zero 
-1 /4i n t e r c e p t  a t  Cl = 0 ,  much l ik e  the d a ta  fo r  Re < 100. However, 
the agreement i s  only q u a l i t a t i v e ,  as shown by the  dashed l in e  in 
F ig .  6, which rep re sen ts  Eq. (10) .
An e n t i r e l y  d i f f e r e n t  way of  analyzing the da ta  i s  to  add a 
d i f f u s io n  term to  Wedemeyer's r e s u l t  £Eq. (5 )1 . According to 
Wedemeyer's convection model, the p o s i t io n  of  the  v e lo c i ty  f r o n t  
as a funct ion  o f  time i s  given by
r » a exp ( - a t )
o r  0 => a [ l  -  exp ( - a t ) ]  (11)
1 / !where a  “ 0.443(i^l) / h .  This r e s u l t  was obtained by neg lec t ing
viscous forces in  the  i n t e r i o r  flow; but  viscous fo rces  are  not 
n e g l i g i b le  a t  the  low Reynolds numbers used in the  p resen t  experiment. 
Accordingly, i f  we assume t h a t  the  t o t a l  d i s tanc e  from the wall  to  
the  v e lo c i ty  f r o n t  i s  D = D (convection) + D (d i f fu s io n )  , with 
D (convection)  given by Eq. (11) and D (d i f fu s io n )  given by Eq. (2 ) ,  
we ob ta in
D = a -a  exp ( - a t )  + A ( p t ) 1^2 ,
or [ r  + A ( v t ) ^ 2] / a  -  exp ( - a t )  ,
14
One would expect  from Eq. (2) t h a t  the value of  A should be approxi-
1 / 2  ■ mately (13.27) “ 3 .64 .  The da ta  were p lo t t e d  using d i f f e r e n t
values of A, and the bes t  c o r r e l a t io n  was obtained  with A = 3*8*
which agrees reasonably well  with the c o e f f i c i e n t  from Eq. (2 ) .
According to  the above r e l a t i o n ,  the r a t i o  of the  delay time for
d i f f u s io n  to the  delay time for  convection i s  given approximately 
1/2by D Re / h .  This should be a measure o f  the r e l a t i v e  importance 
o f  convection and d i f fu s io n  in the  spin-up p rocess .  For large  
values of t h i s  r a t i o ,  the d i f fu s io n  time i s  much longer than the 
convection time, so convection should dominate; fo r  small va lues ,  
the d i f fu s io n  time i s  small compared to the  convection time, so 
d i f f u s io n  should dominate. As seen in F ig .  12, fo r  D (R e )^ 2/h  > 11.7, 
the  da ta  can be represen ted  by
r  +  3 . 8  M ? 1' 2 = e x p  c . 0 ? 8  . ( 1 2 )
1/2fo r  D(Re) /h  < 11.7, the c o r r e l a t io n  does not  ho ld .  A f u r th e r  
cond i t ion  fo r  the  v a l i d i t y  o f  t h i s  c o r r e l a t i o n  i s  shown by the two 
po in ts  in d ica ted  by arrows in F ig .  12, which were taken with h/2a  = -0 .17 .  
The minimum cy l in de r  aspec t  r a t i o  fo r  which t h i s  c o r r e l a t i o n  holds 
appears to  be about 0 .25 .  The s lope  obta ined  in Eq. (12) for  
c y l in d e r s  with a f r e e  su r face  ( -0 .78)  i s  about the  same as Wedemeyer 
p red ic ted  fo r  a .c y l in d e r  without  a f r e e  su r face  ( -0 .8 8 6 ) ,  in d ic a t in g  
t h a t  the f l u i d  t r a n s p o r t  in the bottom layer  i s  g r e a t e r  than pred ic ted  
by theory.
0.2
Re > l i : 7
Re <  11.7
- 0.2
-0.4
0 0.2 0.4 0.6 0.8




B. Delay Times in the Bottom Layer
Measurements were made o f  delay times in the viscous boundary 
layer  on the cy l inder  bottom, as well  as the  f i n a l  s t e a d y - s t a t e  
bottom layer  th ickness ,  as funct ions  of  z, v ,  0 ,  r ,  a, and h.
The bottom layer thickness was taken to be the  minimum z-value  
fo r  which no de tec to r  d e f l e c t io n  was observed. I t  was not  measured 
for  values o f  r / a  > 0 .7  because the v e lo c i ty  f ro n t  from the s ide  
wall  a r r iv e d  too soon and made i t  d i f f i c u l t  to  determine the 
source o f  the observed d e f l e c t i o n s .
Both the delay times and the layer th ickness  were independent 
o f  a, the cy l in d e r  r ad iu s ,  and h, the f l u id  depth, to  with in  
experimental  e r r o r .  They were a l s o  independent of  r ,  the  r a d i a l  
po s i t io n  o f  the d e te c to r ,  except a t  very small r (=»1 cm), fo r  
which the delay times were longer and the  bottom layer  th ickness 
decreased s l i g h t l y .  This may have been a d e te c to r  s e n s i t i v i t y  e f f e c t .
The dependence of  the  delay times on i>, ft, and z i s  shown in
22dimensionless form in F ig .  13, which a lso  shows Benton's  
t h e o r e t i c a l  curve (scaled  by an a r b i t r a r y  fa c to r )  fo r  the  buildup 
in time o f  the viscous boundary layer  over an impulsively  s t a r t e d  
r o ta t in g  i n f i n i t e  p lane .  In the curve shown, z i s  Benton's 
displacement th ickness  m u l t ip l i e d  by 3.47,  the r a t i o  between the 
boundary layer th ickness  ( a t v / a O  = 0.0245) and the displacement 
thickness in the s t e a d y - s t a t e  so lu t io n  of  C o c h ran .^  This  r a t i o  
should a lso  hold fo r  the time-dependent so lu t io n ,  s ince  Benton 
found th a t  the v e lo c i ty  p r o f i l e s  are  n ear ly  s im i la r  in time. The 
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p ropor t iona l  to z ; while the experimental  delay times show a 
f i n i t e  s lope  a t  the o r i g in ,  and t  va r ie s  l i n e a r l y  with z near 
the o r i g i n .
With the  d e te c to r  j u s t  o u ts id e  of  the  boundary lay e r ,  i t  was 
p o ss ib le  to  observe the f a c t  t h a t  the  bottom boundary lay e r ,  once 
e s t a b l i s h e d ,  i s  prevented from growing in time by the presence 
o f  the secondary flow. A s l i g h t  reverse  d e f l e c t io n  o f  the 
d e te c to r  ( in  the d i r e c t i o n  opposi te  to the  cy l inder  r o ta t io n )  was 
sometimes observed when the d e te c to r  was placed j u s t  ou t s id e  of  the 
bottom lay e r .  This reverse  d e f l e c t i o n ,  which did not  always 
occur a t  the same time, and did not  always appear (even in 
repeated runs o f  the same da ta  p o in t ) ,  was no t  s tud ied  in d e t a i l .
IV . CONTRAST WITH DELAY TIMES IN LIQUID HELIUM
14 15 17In the controversy ' ’ over the "Pellam anomaly" ( i . e . ,
the p e c u l ia r  temperature dependence o f  the  s t e a d y - s t a t e  Rayleigh
d isk  d e f l e c t i o n  in r o t a t i n g  l iq u id  helium), i t  has been thought  t h a t
the r e s t  o f  Pel lam's  r e s u l t s  a re  c o n s i s t e n t  with o rd inary  f l u id
19spin-up from r e s t .  Our delay time measurements in o rd inary  
l iq u id s  show t h a t  Pe l lam 's  de lay time r e s u l t s  a re  not  c l a s s i c a l  
and t h a t  the sp in-up of the l iq u id  helium;normal component i s  
suppressed.
As seen in  F ig .  10, the  delay time in c l a s s i c a l  f l u id s  fo r  
Reynolds numbers between 100 and 15,000 can be expressed by the 
em pir ica l  r e l a t i o n  given in Eq. (9) :
t  « 0.1068 Dl \ “0 tk  h* ( l A l ) ' * .
lb. n
In c o n t r a s t ,  Pellam found a t  2 .0  K, with Q = 0.21 rad /sec ,
a =* 2.45 cm, and h «  10 cm,
t  “ 342 D. (cgs u n i t s )  (13)
Furthermore, he found the delay time to be independent o f  f l u id
18 91depth and r e l a t i v e l y  i n s e n s i t i v e  to tempera ture  (and thus to
normal f l u i d  kinematic v i s c o s i t y ) ,  o r  poss ib ly  increas ing  with
18decreasing  temperature .  Since the normal f l u i d  kinematic v i s c o s i ty  
inc reases  with decreasing temperature  (below 2.15°K), one would 
expect  the  de lay time to decrease  as the  temperature i s  lowered. 
Pe l lam 's  r e s u l t s  a t  2.0°K are  compared with o rd in a ry  f l u id  r e s u l t s
18
in  F ig . 10.
Eq. (13) does not  agree with viscous d i f fu s io n  theory [Eq. (4 ) ] ,
2which predicts t  «  D / u , or with the high Reynolds number theory o f  
Wedemeyer* [Eq. {6)3, or with the combination convection-diffusion  
theory o f  Equation (1 2 ) .
oil 25
Since both the second sound v e lo c i ty  and the fountain  pressure  
are known to be unchanged by r o t a t i o n ,  one would expect t h a t  the  
appropr ia te  kinematic  v i s c o s i ty  fo r  normal f l u id  spin-up would be 
Tfn/ p n (normal f l u i d  v i s c o s i ty  and d e n s i ty ) .  However, when Pellamfs 
da ta  a t  2.0°K are p lo t t e d  in F ig .  10 with v = Vn^Pn (1*806 X 10 ^cm^/sec) 
the r e s u l t s  are s t r i k i n g l y  d i f f e r e n t  from those in o rd inary  l iq u id s .  
Even when v  = Vn^P *s USe(* (p “  t o t a l d ens i ty  « 0.1457 y/cm^), the 
l iqu id  helium r e s u l t s  are s i g n i f i c a n t l y  d i f f e r e n t .  The l in e a r
dependence on D in  Eq. (13) suggests  on dimensional grounds t h a t  in
--L
l iqu id  helium, t  «  (uO) z . Using th i s  r e l a t i o n  in Eq. (13) we f ind
o  **2 2a t  1.0 K with 1/ » n  / p  = 3.70 X 10 cm / s e c  and with D “ 1 cm, the*n m
delay time is  24 sec .  This i s  an order  o f  magnitude less  than the
“4  2observed delay times (~ 350 s e c ) .  (With v  = W / p  -  2.65 X 10 cm / s e c ,n ^
t  = 212 sec a t  1.0°K). Since the process with the lowest delay time 
2should dominate, we conclude th a t  normal f l u i d  spin-up i s  suppressed,  
and th a t  the sp in-up process in l iq u id  helium II i s  governed by an 
e f f e c t i v e  kinematic v i s c o s i ty  (~ 0.02 c en t i s to k e s )  which i s  
approximately independent of  temperature .  I f  Eq. (13) with toe (iXl)"^ 
i s  found to  hold in l iq u id  helium, then delay time measurements can 
be used to  determine the e f f e c t i v e  Furthermore, s ince  the  de tec to r  
i s  in qu iescen t  f l u i d  u n t i l  the l a s t  in s tan t , -  delay ,time measurements
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are  not s e n s i t i v e  to wake formation o r  vortex shedding a t  the 
d e te c to r .  Also, as descr ibed  e a r l i e r ,  we have found in o rd inary  
l iq u id s  t h a t  when d e te c to r  s e n s i t i v i t y  i s  taken in to  accoun t , the  delay 
time i s  independent of  d e te c to r  s i z e .
The r e s u l t s  presented in F ig .  10 a re  very s e n s i t i v e  to the
choice of  D. We have chosen D to be the d i s tan c e  from the wall  to
the  d e te c to r  edge n e a r e s t  to  the w a l l .  The da ta  presented by 
14Pellam involve the d i s tan c e  to the cen te r  o f  the  Rayleigh d isk ,  
but as Pellam himself  po in ts  ou t ,  h is  r e s u l t s ,  e x t ra p o la te d  to t  = 0, 
i n d ic a te  t h a t  the  d isk  responds when the moving l iq u id  reaches the 
d e te c to r  edge. For a d e te c to r  of  the type we have used, one would 
a l s o  expect  the d i s tan c e  to  the d e te c to r  edge to be the appropr ia te  
one; to  check th i s  p o in t ,  we have made measurements with f ixed D 
(1.05 cm) and d i f f e r e n t  p l a t e  widths (4 mm and 10 mm) and have 
found, as expected,  no d i f f e re n c e  in the delay t ime.
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V. DISCUSSION
The delay time pred ic ted  by Wedemeyer's convection theory 
(Eq. [6]) was fo r  the case of  a cy l in d e r  with c losed  ends.  If  we 
n eg lec t  the e f f e c t s  o f  su rface  tens ion  and su r fa ce  c u rv a tu re ,  then 
the cy l inder  with a f r e e  su r face  can be considered as h a l f  of  a 
cy l inder  with c losed  ends.  The r e s u l t i n g  express ion  fo r  the delay 
time i s :
t(conv) = 2.256 h {i£l) ^ 2ln [ a / (a -D )]  . (14)
I f  we assume D «  a then Eq. (14) can be w r i t t e n  as
t(conv) => 2.256 h D/a (vn)"1/2. (15)
The d i f f u s io n  model p r e d i c t s ,  according t o E q .  (2):
t ( d i f f )  = D2/13 .27  V . (16)
A geometric mean of the convection time and the d i f f u s io n  time would 
be
t  = [ t ( d i f f )  x t ( c o n v ) ] 1^2 = 0.412 D3^2a“ 1/2h1^2 ( i > f i ) .- (17)
Except for  the c o e f f i c i e n t ,  and a s l i g h t  change in the powers
of  D and a, t h i s  express ion  i s  i d e n t i c a l  to the  em pir ica l  power-law
express ion  given in Eq, (9 ) .
t  = 0.168 D1*4 a- 0 *  ̂ h 1/2 ( l A l ) " 1̂  ;
i . e . ,  the observed times a re  approximately given by
t(obs)  = 0.26 [ t ( d i f f )  x t (conv)]*^2 . (18)
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Because o f  the c o e f f i c i e n t  in Eq, (18), the observed times a re  not
n e c e s s a r i l y  in te rm edia te  between the d i f fu s io n  time and the  convection
time. Table [ shows the experimental  parameters fo r  5 po in ts
se lec te d  from our data  and 3 from the data  of Gol ler  and Ranov.
Table II shows fo r  these po in ts  a comparison of observed delay
times with t ( d i f f )  from Eq. (16), t(conv) from Eq. (14) and the
2
power-law express ion  o f  Eq. (9 ) .  Re(= a Q/y) i s  the  Reynolds number*
2 2 1/2  Fr(= a Cl /gh) i s  the r o t a t i o n a l  Froude number, and M(= D Re /h)
i s  p ropor t iona l  to the r a t i o  of t ( d i f f )  from Eq. (16) to  t(conv) of
•3
Eq. (15) .  Note t h a t  Re va r ie s  by a f a c to r  of 10 , Fr by a f a c to r  
o f  n ear ly  10 , and M by a f a c to r  of  400. The d i f f u s io n  times vary 
by near ly  3 orders  of  magnitude, while the convection times vary 
only by a f a c to r  of about 15; a lso ,  t(conv) i s  c o n s i s t e n t l y  l a rg e r
than t ( o b s ) ,  and does not  seem to approach t (obs)  even fo r  Goller
and Ranov's high Reynolds number d a ta .
Eq» (9) can be w r i t t e n  in dimensionless form as
. ty/D2 = 0.1068 (a/D)0,1 M~1/2 . (19)
Therefore ,  i f  we n eg lec t  the  weak dependence ( a / D ) ^ * \  the 
dimensionless delay time i s  a func t ion  only o f  the  dimensionless 
parameter M, i . e . ,  the  r a t i o  of d i f f u s io n  to convection t imes.
In p a r t i c u l a r ,  for  0.13 <M < 224, the  dimensionless delay time is  
the e x p l i c i t  funct ion  of M given in Eq. (19) .  However, i t  must be 
emphasized th a t  Eq. (19)- i s  va l id  only fo r  Re > 100, s ince  some o f  
the data  fo r  Re < 100 (not  s a t i s f i e d  by Eq. [19]) have M-values in 
t h i s  range. I t  should be pointed ou t  t h a t  the  Reynolds number
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Table 1. Se lec ted  Points  from our Data 
and From Data of Goller  and Ranov
7v n • a h D t (obs)
(cm /sec) (sec"*) (cm) (cm) (cm) (sec)
0.0095 0.270 7.36 14.45 0.51 3.2
0.0095 0.0375 7.36 14.45 0.51 4.85
0.0095 2.77 7.36 2.5 4.46 13.7
0.0092 2.77 7.36 6.0 4.46 24.3
0.0095 0.0375 7.36 14.45 4.46 94.0
0.0096 18.8 12.0 25.4 7.0 50
O.OO96 18.8 12.0 25.4 10.56 100
0.0198 9.3 22.0 50.8 20.0 200
Table I I .  Dimensionless Parameters and Calcula ted Times 
Selec ted Points  of  Table 1.








1,600 2.78x10"^ 1.3848 2.07 46.2 3.16 3.2
214 5.38xl0-6 0.5161 2.07 124.0 5.5 4.85
15,200 0.170 224.2 158.0 147.3 15.7 13.7
15,700 7.07xl0"2 94.93 158.0 77.7 24.31 24.3
214 5 .38xl0-6 4.51 158.0 713.0 101.7 94.0
260,000 2.051 146.3 385.2 118.1 ' 47.93 50
260,000 2.051 220.8 876.7 286.0 85.24 100
229,000 0.841 187.7 1525 617.4 170.0 200
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2
w r i t t e n  as a Ci/u expresses the  r a t i o  of c e n t r i f u g a l  to  viscous f o rc e s .
For Pel lam 's  da ta  in l iq u id  helium a t  2.0°K., the  Reynolds'number 
i s  e i t h e r  7,000 or 12,000 (depending on the choice of u) the
_5
r o t a t i o n a l  Froude number i s  (2 .7  x 10 ) and the time r a t i o  is
3 < M < 17. These values f a l l  well  w ith in  the range o f  v a l i d i t y  
of  Eq. (19) .
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APPENDIX I 
Tables  o f  Data
Delay times were measured by the length  o f  a trace  on the  
s t r i p - c h a r t  reco rd er .  An even t  marker c i r c u i t  made a "pip" in  
the trace  when the tu rn tab le  d r iv e  motor was switched  on, and the  
d e la y  times were measured u n t i l  the i n i t i a l  motion o f  the d e te c to r
showed up on the recorder t r a c e .  A time lag o f  0 .4 5  s ec  was
found to e x i s t  from the time the switch  was thrown u n t i l  the  
tu r n ta b le  reached f u l l  speed,  so t h i s  was subtrac ted  from the  
d e la y  times  before  e n te r in g  them in the t a b l e  below. Most o f  the
times given are averages over  2 - 5  runs ,  t  i s  the  observed
d e lay  time and t  i s  the d e lay  time co rr e c te d  for  d e t e c t o r  
s e n s i t i v i t y  us ing  Eq. ( 8 ) .  The de lay  times  measured in  the  
bottom layer  did not require  a c o r r e c t i o n  for  d e t e c t o r  s e n s i t i v i t y .  
See F ig .  2 f o r  the  n o t a t i o n .
Al-1
Al-2
Table l a .  Delay Times in I n t e r i o r  Flow
a = 4 .7 3  cm, u
h(cm) D(cm) z(cm'
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 , 0
10.35 1.83 s 6 .0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 . 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 .0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
10.35 1.83 6 . 0
-  1.0 cen t i s to k e s  
f t ( rad /sec)  t Q(sec) t ( s e c )
0 .0 3 7 5 36 .5 3 3 .8
0 .0750 2 9 .5 2 7 . 8
0 .1135 26 2 4 .7
0 .1514 23 2 1 .9
0 .191 2 1 .5 2 0 . 6
0 .2307 2 0 . 6 19.8
0 . 270 18.6 17 .9
0 .3095 20 19.2
0 .349 19 18.28
0 .390 18 .7 18.0
0 .5 3 4 16.6 16.1
0 .806 15.0 14 .6




2 . 20 11.6 11.3
2 .4 8 10.6 1 0 .4
2 .7 7 . 11 10 .8
A i - 3
h(cm) D(cm) z(cm) Q (rad /sec ) t  ( s e c )  0 t ( s e c )
a - 7 .3 6  cm, V = 0 .95  c e n t i s t o k e s
10.3 1.05 5 .0 0 .0375 13.00 12.6
10.3 1.05 5 .0 0 .191 8 . 8 8 8 .6 9
10.3 1.05 5 .0 0.806 6 .4 0 6 . 3 0
10.3 1.05 5 .0 2 .7 7 4 .4 7 4 .4 2
14.45 1.05 5 . 0 2 .77 4 . 9 7 4 .9 1
14.45 1.05 5 . 0 0 . 806 7 .3 7 7 .2 4
14.45 1.05 5 .0 0.191 9.21 9 .00
14.45 1.05 5 .0 0 .0375 13.40 12.97
14.45 4 .4 6 8 . 0 0 .0375 116.05 9 4 .0
14.45 4 .4 6 8 . 0 0 .191 9 0 .O 75 .5
14.45 4 .4 6 8 . 0 0 .806 54 .15 4 8 .3
14.45 4 . 4 6 8 . 0 2 .7 7 3 9 .95 3 6 .8
14.45 0.51 4 . 5 2 .7 7 1 .67 1 .66
14.45 2 . 18 4 . 5 2 .7 7 13.75 . 13 .4
14.45 3 .3 6 4 .5 2 .7 7 2 7 .25 2 5 . 8
14.45 5 .2 4 4 . 5 2 .77 54 .35 4 8 . 4
10 4 .4 6 8 .7 2 .77 24 .25 2 3 .1
7 4 .4 6 5 .5 2 .7 7 2 2 .05 21.1
12 4 .4 6 5 .5 2 .7 7 38 .55 3 5 .6
14.45 4 .4 6 8 . 5 2 .7 7 4 1 .1 5 3 7 .8
14.45 4 .4 6 7 .5 2 .7 7 • 4 1 .9 5
14.45 4 .4 6 5-5 2 .77 4 2 .5 5
14.45 4 .4 6 2 . 5 . 2 .7 7 4 0 .3 5
h(cm) D (cm) z(cm) 0 ( r a d / s e c ) t Q(sec )
14.45 4 . 4 6 2 . 9 6 2 .7 7 4 2 .55
14.45 4 .4 6 . 1-95 2 .7 7 4 2 .5
14.45 4 .4 6 0 .9 5 2 .7 7 4 2 .6
14.45 4 .4 6 0 .5 2 .7 7 4 2 .5
14.45 2 .1 8 1.1 0 .2 6 7 16.5
14.45 2 . 1 8 5 .0 0 .267 2 4 .9
14.45 2 .1 8 8 . 0 0 .2 6 7 2 7 .75
14.45 2 . 1 8 10.0 0 .2 6 7 30 .25
14.45 2 .1 8 12.0 0 .2 6 7 2 9 . 0
14.45 2 . 1 8 6,. 5 0 .267 2 6 .7
14.45 2 .1 8 2 . 0 0 .267 2 0 .9
14.45 2 . 1 8 2 .5 0 .2 6 7 2 3 .5
14.45 2 .1 8 3 .0 0 .267 2 1 . 0
14.45 2 .1 8 3 .5 0 .267 27 . 0
14.45 2 . 1 8 4 . 5 0 .267 2 4 .5
14.45 2 .1 8 5 .5 0 .2 6 7 2 5 .7
14.45 4 .4 6 6 . 1 0 .267 71.1
14.45 4 .4 6 5 .1 0 .267 70 . 0
14.45 4 .4 6 4 .1 0 .267 71.1
14.45 4 . 4 6 3 . 6 0 .267 6 9 .5
14.45 4 . 4 6 3 .1 0 .267 70 .5
14.45 4 .4 6 2 . 6 0 .2 6 7 70 .5
•
14.45 4 .4 6 2 .1 0 .267 70 .5
14.45 4 .4 6 1.6 0;267 7 3 .5
14.45 4 .4 6 1.1 0 .267 7 0 .5
AJ-4
t ( s e c )
2 7 .3
6 1 . 0
AI-5
h(cro) D(cm) z(cm) Q (ra d /sec ) t Q(se c ) t ( s e c )
14.4 4 .4 6 8 . 0 0 .267 70 .5
14 .4 4 .4 6 . 10 .4 0 .267 73.5
14.4 4 .4 6 12.0 0 .267 6 9 .5
14.4 4 .4 6 8 . 0 2 .7 7 4 2 .05
14.4 4 .4 6 10.0 2 .7 7 4 1 .55
14.4 4 . 4 6 12.0 2 .7 7 4 1 .05
14 .4 4 .4 6 13 .2 2 .7 7 4 1 .55
14 .4  ■ 2 .1 8 7 .0 0 .267 2 5 .5
14.4 2 . 18 10.0 0 .267 2 6 .5 25.1
14.4 2 . 18 12 .0 0 .2 6 7 26 .55
14.4 2 .1 8 7 .0 2 .7 7 14.55
14.4 2 . 18 10 .0 2 .7 7 14.05 . 13.7
14.4 2 .1 8 12.0 2 .7 7 15.05
13.5 2 . 18 7 0 .0375 37.25 34.5
13.5 2 . 18 7 0 .1514 2 9 .35 2 7 . 6
13.5 2 . 18 7 0 ,5 3 4 21 .05 20 .2
13.5 2 . 18 7 0 . 80 6 18.05 17.4
13.5 2 . 18 7 1 .36 15.55 15.1
13.5 2 . 18 7 1.92 14.25 13.8
13.5 2 . 18 7 2 .7 7 12.05 11.8
12.4 4 .4 6 10 0 .267 71 .5 61 .3
9 .35 4 .4 6 7 .5 O.267 6 6 .5* 57 .7
7 .5 4 .4 6 5 . 5 0 .267 6 5 . 0 5 6 .6
6 . 0 4 .4 6 4 . 0 0 .267 55 .0 4 9 ,0
4 .0 4 .4 6 3 . 0 0 .2 6 7 51.0 • 4 5 . 8
A l- 6
h(cm) D(cm) z (cm) Q (ra d /sec ) t Q(s e c ) t ( s e c )
2 .5 4 . 4 6 1.5 0 .267 33 .5 31.3
12 .4 4 . 4 6 10 2 .7 7 32.05 30.0
9 .3 5 4 . 4 6 7 .5 2 .7 7 31 .55 29 .6
7-5 4 . 4 6 5-5 2 .7 7 31.05 29.1
6 . 0 4 . 4 6 4 2 .7 7 24 .30 23 .1
4 . 0 4 . 4 6 3 . 2 . 7 7 15.55 15.1
2 .5 4 .4 6 1.5 2 .7 7 14.05 13.7
14.45 0 .51 10 2 .7 7 2 . 0 1.99
14.45 0 .51 10 2 .0 7 2 .1 5 2 .1 4
14.45 0 .51 10 1 .36 2 .1 5 2 .1 4
14.45 0 .51 10 0 .806 2-75 2.73
14.45 '0.51 10 0 .390 3 .0 2 .98
14.45 0 .5 1 10 0 .2 7 0 3 .2 3 .18
14.45 0 .51 • 10 0.191 3 .5  ■ 3 .48
14.45 0 .51 10 0 .1135 3 .6 3 .57
14.45 0 .51 10 0 .0375 4 .8 5 4 .8 0
a = 7 . 36  cm, y = 0 .91  c e n t i s t o k e s
14 .4 0 .51 9 . 0 0 .0375 5 .3 5 .24
14 .4 0 .51 9 .0 0 .0750 4 . 5 4 .4 6
14.4 0 .51 9 .0 0 .1135 4 . 3 4 .2 6
14 .4 0 .51 9-0 0 .1 5 1 4 . 3 .7 8 3.75
14 .4 1 .05 9 .0 0 .0375 14.95 14.5
14 .4 1.05 9 .0 0 .0750 13.33 13.0
A I - 7
h(cm) D(cm) z(cm) 0 ( r a d / s e c )  t Q(s e c )  t ( s e c )
14 .4  1.05 9 . 0  0 .1135 11.15 10.9
14.4  1 .0 5  9 . 0  0 .1514  10.65 10 .4
a ® 7 -36  cm, V = 2 . 8  c e n t i s t o k e s
14 .0  2 .1 8  ' 8 0 .2 0  14 .0  13.6
14 .0  2 . 1 8  8 0 .4 0  12.0  11 .7
14 .0  2 .1 8  8 0 .61  10 .7  10 .5
a = 7 .3 6  cm, y  -  2 . 8  c e n t i s t o k e s
14 .0  2 . 1 8  8 0 .2 0  12 11 .7
14 .0  2 . 1 8  8 0 .4 0  11 10 .8
14 .0  2 . 1 8  8 0 .61  10 9 .8 0
a = 7 .3 6  cm, 1/ = 5 . 1  c e n t i s t o k e s
14.0  2 . 1 8  8 0 .2 0  9
14 .0  2 .1 8  8 0 .40  7 .7
14 .0  2 . 1 8  8 0 .61  7 . 0  6 .90
a = 7 . 3 6  cm, v  = 7 . 0  c e n t i s t o k e s
14 .0  2 . 1 8  8 0 . 2 0  8 . 0  7 .87
14 .0  2 . 1 8  8 0 .4 0  6 . 5  6 .4 2
14.0  2 . 1 8  8 0 .61 5 . 9  5 .83
a ■ 7 .3 6  cm, u -  17 .0  c e n t i s t o k e s
14 .0  4 . 4 6  5 0 .0375  9 . 2  9 .03
A I - 8
h(cm) D(cm) z(cm) Q (r a d / se c )  t Q(s e c )  t ( s e c )
14.0 4 .4 6 5 0.191 7 .17 9 .0 3
14.0 4 .4 6 5 0 .8 0 6  • • 5.71 5 .6 4
14.0 4 .4 6 5 2 .7 7 3 .55 3 .5 2
14.45 5 .2 4 4 . 5 2 .7 7 4 .6 7 4 .6 3
14.45 4 .4 6 4 . 5 2 .7 7  ' 3 .7 7 3 .7 4
14.45 3 .36 4 . 5 2 .7 7 3 .03 3-01
14.45 2 .1 8 4 . 5 2 .7 7 1.69 1.68
14.45 1.05 4 . 5 2 .7 7 0 .53 0 .53
14.1 4 .4 6 10 .4 0 .0375 7 .5 7 .3 9
14.1 4 .4 6 10 .4 0 .191 7 .0 7 .3 9
14.1 4 .4 6 10 .4 0 .267 6 .6 7 6 .5 8
14.1 4 .4 6 1 0 .4 0 .806 5 .5 5 5 .4 9
14.1 4 .4 6 10.4 1 .36 5 .0  5 5 . 0





s 4 .4 6 5 . 0 0 .0375 11.73 11.5
7 .0 4 .4 6 5 . 0 0 .267 6 .5 9 6 .5 0
14.0 0 .51 6 .0 0 .0375 1.37
14.0 0 .51 6 .0 0 .270 0 .75
14.0 1.05 6 .0 0.270 1.72
14.0 1.05 6 . 0 0 .0375 2 .1 9
14.0 2 .1 8 6 . 0 0 .0375 5 .45
14.0 2 .1 8 6 .0 0 .270 . 3 .90
14 .0 3-36 6 . 0 0 .270 5 .3
14.0 3 .3 6 6 . 0 0 .0375 7 .7
h(cm) D (cm) z (cm) Q( rad /sec ) t Q(sec)
AI-9
t ( s e c )
14.0 5 .2 4 6 . 0 0 .0375 12.8
14.0 5 .2 4 6 . 0 0 .270 9 .45
3 = 4 .7 3  cm, V -  16 .0  c e n t i s t o k e s
14.0 1.83 6 . 0 0 .390 2 .15 2 .1 5
14.0 1.83 6 .0 0 .191 2.21 2 .21
14 .0 1.83 6 .0 0 .0375 3.73 3 .7 0
7 .0 1.83 6 . 0 0 .0375 3 .3 8
7-0 1.83 6 . 0 0 .191 2 .50
14.5
a a
4 . 4 6
7 .3 6  cm, 
11.0
V s3 53-0  c e n t i s t o k e s
0 .0375  3 .28 3 . 26
14 .5 4 .4 6 11.0 0 .191 2 .43 2 .4 2
14 .5 4 . 4 6 11.0 0 .806 2 .0 5 2 .0 4


















Table 11a. Delay Times With Non-rota t ing  F a l se  Bottom 
a = 7-36 cm, v  = O.95 c e n t i s t o k e s
D(cm) z(cm) Q (r a d / se c )
2 . 1 8 7 .0 2 .7 7
2 .1 3 7 .0 1 .36
2 .1 8 7 ,0 0 .0375
4 . 4 6 7.0 0 .267
4 . 4 6 7 .0 0 .5 3 4
4 . 4 6 7 .0 1.36
4 .4 6 7 .0 2 .7 7
0 .51 ■ 10.0 0 .2 6 7
1 .05 10.0 0 .267
3 .3 6 10.0 0 .2 6 7
5 .2 4 10.0 0 .267
0 .51 10.0 2 .7 7
1 .05 10.0 2 .7 7
3 .3 6 10.0 2 .7 7
5 . 2 4 10.0 2 .7 7
t ( s e c )
2 2 .5
2 3 .5




74 .5  








A l - l l
Table I l i a . Delay Times in Bottom Layer
a = 7.36 cm, u -  0 .9 5  c e n t i s to k e s
h (cm) D (cm) z(cm) Q(rad /sec )
14.45 2 .1 8 0 .0 5 2 .7 7
14.45 2 .1 8 0 .1 0 2 .7 7
14.45 2 . 1 8 0 .15 2 .7 7
14.45 2 .1 8 0 .2 0 2 .7 7
14.45 2 .1 8 0 .223 2 .7 7
14.45 2 . 1 8 0 .250 2 .7 7
14.45 2 .1 8 0 .275 2 .7 7
14.45 2 .1 8 0 .30 2 .7 7
14.45
i
2 .1 8 0 .325 2 .7 7
14.45 2 .1 8 0 .3 5 2 .7 7
14.45 2 .1 8 0 .375 2 .7 7
14.45 2 .1 8 1 .0 2 .7 7
14.45 2 .1 8 1.5 2 .7 7
14.45 2 .1 8 3 .0 2 .7 7
14.45 2 .1 8 4 . 0 2 .7 7
14.45 2 .1 8 5 .0 2 .7 7
14.45 2 .1 8 5 .0 0 .2 6  7
14.45 2 . 1 8 4 . 0 0 .267
14.45 2 .1 8 3 .0 0 .267
14.45 2 .1 8 ' 2 .0 0 .267


















2 6 .5  
22 .85
22 .05  
2 2 .7
21.6
A t - 12
h(cm) D (cm) z(cm) Q (r a d / se c ) t(se<
14.45 2 .1 8 1.0 0 .267 16.5
14.45 2 .18 0 . 8 0 .267 10.7
14.45 2 .1 8 0 . 6 0 .267 6 .6 5
14.45 2 .1 8 0 .5 0 .267 5 .3
14.45 2 .1 8 0 . 4 0 .267 3 .3
14.45 2 .1 8 0 .3 0 .267 2 . 6
14.45 2 .1 8 0 .2 0 .267 1.7
14.45 2 .1 8 0 .1 0 .267 0 .8 5
14.45 2 .1 8 0 .075 0 .267 0 .7 8
14.45 2 .1 8 0 .05 0 .267 0 .52
14.45 2 .1 8 0 . 025 0 .267 0 .3 5
14.45 2 .1 8 0 .1 0 .267 0 .6 5
14.45 2 .1 8 0 .1 5 0 .267 1.45
14.45 2 .1 8 0 .125 0 .2 6 7 1.13
14.45 . 2 . 1 8 0 .175 0 .267 1.65
14.45 2 .1 8 0 .2 5 0 .267 1.90
14.45 2 .1 8 0 . 9 0 .267 9 . 8
14.45 2 .1 8 1.1 0 .2 6 7 16.5
14.45 4 .4 6 0 .5 0 .267 4 . 0
14.45 4 .4 6 0 . 4 0 .267 3 . 6
14.45 4 .4 6 0 .2 0 .267 1.68
14.45 4 .4 6 0 .1 0 .267 0 .8 5
14.45 4 . 4 6 0 .05 0 .267 0 .5
14.45 4 .4 6 0 .15 0 .267 ' 1.32































4 . 4 6




4 . 4 6
4 . 4 6
4 . 4 6
4 . 4 6




















































2 .7 7  
0 .2 6 7  
0 .267  
0 .267  
0 .267  
0 .267  
0 .267  
0 .267  
0 .267
t ( s e c )
2 .0 4  
2 .7 6  
3 .9 7  
0 .2 7  
0 .1 6  
0 .3 7  
0 .4 5  
0 .5 0  
0 .73  
0.80  
1.42  












1 3 . 7
Al -1*1
h(cm) D(cm) z(cm) n ( r a d / s e c ) t(sec^
14.45 4 .4 6 0 .9 5 0 .267 13.5
14 .4 4 .4 6 0 .0 1 5 0.0375 0 .9
14 .4 4 .4 6 0 .0 2 5 0.0375 1.05
14 .4 4 .4 6 0 .0 5 0 0 .0375  . 1.03
14.4 4 .4 6 0 .0 7 5 0 .0375 1.2
14 .4 4 .4 6 0 .1 0 0 .0375 2 .2 7
14.4 4 .4 6 0 .1 5 0 .0375 2 .53
1 4 .4 4 .4 6 0 .2 0 0 .0375 3 .7
14 .4 4 .4 6 0 .2 5 0 .0375 3 .9 5
1 4 .4 4 .4 6 0 .3 0 0 .0375 4 . 2
14 .4 4 .4 6 0 .3 5 0 .0375 4 . 7
14 .4 4 .4 6 0 .4 0 0 .0375 5 .7
1 4 .4 . 4 .4 6 0 .4 5 0 .0375 5 .9
1 4 .4 4 .4 6  . 0 . 5 0 0 .0375 8 .0
1 4 .4 4 . 4 6 0 .5 5 0.037-5 9 .1 8
14 .4 4 .4 6 0 .6 0 0 .0375 10.3
14.4 4 .4 6 0 .6 5 0 .0375 11.8
14.4 4 .4 6 0 .7 0 0 .0375 11.7
14.4 4 .4 6 0 .7 5 0 .0375 12.8
14 .4 4 .4 6 0 . 8 0 0 .0375 14.3
14 ,4 4 .4 6 0 .8 5 0 .0375 17.4
14 .4 4 .4 6 0 .9 0 0 .0375 19.0
l
A I - 15
h(cm) D (cm) z(cm) n ( r a d / s e c ) t(sec^
a - 4 .7 3  cm, v  = 0 .9 5 c e n t i s t o k e s
13.5 1.83 0 .0 5 2 .7 7 0 .25
13.5 1.83 0 .1 0 2 .7 7 0 .50
13.5 1.83 0 .1 5 2 .7 7 0 .75
13.5 1.83 0 .2 0 2 .7 7 0 .95
13.5 1.83 0 .2 5 2 .7 7 1.65
13.5 1.83 0 . 3 0 2 .7 7 2 .3 5
13.5 1.83 0 .3 5 2 .77 2 .65
5 .5 1.83 0 .0 5 2 .7 7 0 .3 6
5 .5 1.83 0 .1 0 2 .7 7 0 .5 7
5 .5 1.83 0 .1 5 2 .7 7 0 .70
5 .5 1.83 0 .2 0 2 .7 7 1 .04
5-5 1.83 0 .2 5 2 .7 7 1.70
5 .5 1.83 0 .3 0 2 .7 7 2 .2 5
' 5 . 5 1.83 0 .3 5 2 .7 7 2 .85
a = 7-36 cm, V = 17.0 c e n t i s t o k e s
14.1 4 .4 6 0 .0 5 0 .267 0 .2 4
14.1 4 . 4 6 0 .1 0 0 .267 0 .325
14.1 4 . 4 6 0 .1 5 0 .267 0 . 29
14.1 4 . 4 6 0 .2 0 0 .267 0 .2 6
14.1 4 . 4 6 0 .3 0 0 .267 0 .3 5
14.1 4 . 4 6 0 .40 0 .267 0 .425
14.1 4 . 4 6 0 ,50 0 .267 0 . 7
A I -1 6
h (cm) D (cm) z(cm) n ( r a d / s e c )
14.1 4 .4 6 0 . 6 0 0 .267
14.1 4 .4 6 0 .7 0 0 .267
14.1 4 . 4 6 0 .8 0 0 .267
14.1 4 . 4 6 0 .9 0 0 .267
14.1 4 .4 6 1 .20 0 .267
14.1 4 .4 6 1 .40 0 .267
14.1 • 4 .4 6 1.60 0 .267
14.1 4 . 4 6 1 .80 0 .267
14.1 4 .4 6 2 . 0 0:267
14.1 4 . 4 6 2 .3 0 .236
14.1 4 . 4 6 2 . 5 0 .267
14 .1 4 . 4 6 3 .0 0 .267
14.1 4 . 4 6 3 . 5  . 0 .267
a 7-36 cm, v  = 15.0 c e n t i s t o k e s
14.0 4 . 4 6 0 .1 0 2 .77
14.0 4 . 4 6 0 .2 0 2 .7 7
14.0 4 .4 6 0 .3 0 2 .77
14.0 4 . 4 6 0 .40 2 .7 7
14.0 4 .4 6 0 .5 0 2 .7 7
14.0 4 .4 6 0 .6 0 2 .77
14.0 4 . 4 6 0 .7 0 2 .7 7
t ( s e c )
0 . 7 4
1.03  
1 , 1  
1 . 1
1 .47
1 .47  
1.78
2 . 4  
2 .5 5  
2 .7 5  
4 . 7  
4 . 8 7  







0 . 9 5
A l -17
h(cm) D(cm) z(cm) Q (r a d /se c ) t(se<
a = 7 .36  cm, v  = 16 .0 c e n t i s t o k e s
14.0 4 .4 6 0 .80 2 .7 7 0 .75
14.0 4 .4 6 0 . 90 2 .7 7 0 .90
14.0 4 .4 6 1.0 2 .7 7 O.98
14.0 4 .4 6 1.1 2 .7 7 1.12
14.0 4 .4 6 1.2 2 .7 7 1.25
14.0 4 .4 6 1.3 2 .7 7 2 .1 5
14 .0 4 .4 6 1 .4 2 .7 7 2 . 6 0
14.0 4 .4 6 1.5 2 .7 7 4 .2 5
14.1 4 .4 6 4 . 0 0 .267 5 .8 8
14.1 4 .4 6 **.5 0 .267 5 . 6
14.1 4 . 4 6 5 .0 0 .267 5 . 7
14.1 4 . 4 6 5 .5 0 .267 6 . 0
14 .1 ■ 4 . 4 6 6 . 0 0 .267 6 . 0
14.1 4 . 4 6 6 .5 0 .267 5 . 8
14.1 4 .4 6 7 .0 0 .267 5 -8
14.1 4 .4 6 8 . 0 0 .2 6 7 6 . 5
14.1 ' 4 . 4 6 9 .0 0 .267 6 . 0
14.1 4 ,4 6 10.0 0 .267 6 . 1
14.1 4 . 4 6 11.0 0 .267 6 . 1
14. i 4 . 4 6 12.0 0 .267 6 . 0 5
AI - 1 8
h (cm) D(cm) z(cm) Q (r a d /se c ) t(sec
a - 7 . 3 6  cm, v  -  O.95 cen sto k es
14. if 5 .2 4 0 .0 5 2 .77 0 .31
1 4 .4 * 4 .2 5 0 . 10 2 .7 7 0 .4 4
1 4 .4 5 .2 4 0 .1 5 2 .77 0 .7 8
1 4 .4 5 .2 4 0 . 20 2 .7 7 1.20
1 4 .4 5 .2 4 0 .25 2 .7 7 1 .35
1 4 .4 5 .2 4 0 . 3 0 2 .7 7 1.60
1 4 .4 1.05 0 .0 5 2 .77 0 .2 8
1 4 .4 1.05 0 . 10 2 .7 7 0 .4 5
1 4 .4 1.05 0 .1 5 2 .77 0 . 70
14 .0 6 .3 6 0 .05 2 .7 7 0 .7 5
14 .0 '6.36 0 . 10 2 .7 7 1.12
14 ,0 6 .36 0 .15 2 .7 7 1.25
14.0 6 . 36 0 . 2 0 2 .7 7 2 .12
14.0 6 . 36 0 .225 2 .7 7 2 .6 3
14.0 6 . 36 0 .05 2 .7 7 0 .5 9
14.0 6 .3 6 0 .1 0 2 .7 7 1.02
14.0 6 . 36 0 .1 5 2 .7 7 1.50
14.0 6 .36 0 .2 0 2 .7 7 3 .0
APPENDIX I I 
T h e o r e t i c a l  Delay Times for the  
Rotat ing  I n f i n i t e  Cylinder
Delay times were c a l c u l a t e d  us ing  the r o t a t i n g  i n f i n i t e  cy l in d er  
theory g iven in Eq. (4 ) :
r 00 J i ( r j  / a )  v t j  2v r « «  x n   / n \
an " a 2 ? , TTJTT  exp "̂ 2n=l J n o NJ n a
The times  were c a l c u l a t e d  using the  f i r s t  20 terms in the  s e r i e s  and 
t e s t e d  for  convergence by comparing with  the r e s u l t s  obta ined  from 
the f i r s t  15 terms in  the s e r i e s .  The d im en s io n le ss  t imes g iven  
below are th ose  required fo r  the t a n g e n t i a l  v e l o c i t y  a t  a p o in t  r 
to  reach 0.1%, 1%, and 2% o f  the w a l l  v e l o c i t y .
Al 1-1
r / a
IVa. Calcula ted Diffusion Times
t v /  a2
Al 1-2
fo r  v /aa  -  0.001 fo r  v/afl = 0.01 fo r  v/afi = 0.02
0 . 8 4 1 .209 X i o ~ 3 1.881 X 10~3 2 .2 9 9 X 10"3
0 . 7 9 2 .0 0 0 X i o " 3 3 . 2 2 4 X i o - 3 3 .9 2 7 X 10"3
0.7% 3 . 0 3 9 X i o " 3 4 . 8 0 0 X 10"3 5 .8 3 6 X 10"3
0 . 6 9 4 . 3 0 0 X i o - 3 6 .9 0 9 X 10"3 8 .3 9 7 X 10“ 3
0 . 6 4 CO X i o " 3 9 . 2 3 5 X 10"3 1 .120 X i o “2
0 . 5 9 7 . 4 4 7 X i o " 3 1 .187 .X 10-2 1 .438 X 10"2
0 . 5 4 9 . 3 0 0 X i o " 3 1.480 X IO- 2 1.790 X 10"2
0 . 4 9 1 .135 X io " 2 1 .7 9 0 X 10"2 2 .1 7 3 X 10”2
0 . 4 4 1 .3 5 8 X io " 2 2 .1 4 5 X i o “2 2 .5 8 6 X 10“2
0 . 3 9 1 .5 9 8 X i o “2 2 . 5 1 5 X i o - 2 3 .0 3 0 X 10"2
0 . 3 4 .1 .8 5 3 X i o " 2 2 .9 1 2 X io " 2 3 .498 X 10"2
0 . 2 9 2 .1 2 2 X i o ”2 • 3 .3 2 1 X io " 2 3 .9 9 2 X 10"2
0 . 2 4 2 .4 0 5 X io " 2 3 .7 6 0 X io " 2 4 .5 2 1 X 1 0 - 2
0 .1 9 2 . 7 0 0 X i o ”2 4 . 2 2 7 X 1 0 '2 5 .1 0 8 X i o “ 2
0 . 1 7 4 . 4 3 1 X i o - 2 5 .3 8 0 X 10“2
0 .1 5 4 . 6 5 0 X 10”2 5.671 X i o “2
0 .1 3 4 . 8 9 7 X 10~2 6 .0 1 5 X i o “2
0 .1 1 5 .1 8 2 X i o “2 6 .4 3 5 X 10“2
0 . 0 9 3 .3 7 2 X i o ”2 5 .5 3 7 X 10"2 6 .9 8 8 X 10-2
0 . 0 7 6 . 0 1 8 X IO"2 7 .8 0 0 X 10"2
0 .0 5 6 . 7 8 3 X i o - 2  ■ 9 .2 6 6 X IO- 2
0 .0 3 8 . 4 4 0 X IO-2 1.358 X 10"1
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